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The procedure used to calculate chemical equilibrium in the code SOLGASMIX
has been evaluated mathematically and applied to several examples in aqueous elec-
trolyte chemistry. Matrix representation of the solution procedure allows convenient
expression as a standard fixed-point iteration. Evaluation of sample problems illus-
trates the importance of certain free energy differences in theoretical convergence
results. An interpolation scheme based on the oscillation of Gibbs energies yields
legitimate equilibrium results in situations where the code would otherwise fail to
converge properly. (© 1998 Academic Press
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1. INTRODUCTION

The code SOLGASMIX and predecessors [1-4] have been prominent for more thar
decades as a means of calculating the equilibrium in a chemical system. Itis still widely
in such diverse applications as metallurgy, chemical engineering, and geoscience. Vi
versions serve as the basic component of several commercial products [5, 6]. The popt
of the code is due at least in part to the fact that it was initially distributed free of cha
and it is highly capable and dependable, although not mathematically sophisticated.

Its convergence properties are no better than first-order, but, in fact, it does convet
almost every circumstance, a valuable attribute. The original authors note circumstz
in which the code fails to perform and propose a simple remedy [2]. However, their r
edy involves perturbing the chemical system under consideration, which may produc
undesirable result; furthermore, it may not actually correct the problem. The purpo:s
this article is to examine the code with mathematical rigor, to note situations in whic
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656 C. F. WEBER

fails to converge, and to propose remedies which do not alter the chemical system b
considered. Of particular importance are applications to aqueous electrolytes since t
systems depart strongly from ideal behavior.

2. BASIC MATHEMATICAL FORMULATION

The approach used in SOLGASMIX is that of the Gibbs-energy minimization, whic
can be formulated as an optimization problem,

minimize:G = > " (1 + In&) (1a)
i1
|
subjectto:) “ajn =bj, j=1,....J, (1b)
i1
n>0 i=1...,1, (1c)

whereG is the reducetiGibbs energy for the total system?, &, n; are, respectively, the
reduced standard chemical potential, activity, and mole inventory of spebids the mole

inventory of elemenj; anda;; are the stoichiometric coefficienta (= moles of element
j occurring in 1 mole of specig3. The problem can be restated using the Lagrangian,

|
L=ZnI u +1Ing) ZnJ<Za,,n.—b>—ZAini, 2)
i=1 i ieS

wherer; and; are Lagrange multipliers an, is the “active set” containing indices of
all species whose inventory is zero. (The terminology “active set” arises in mathemati
optimization theory and operations research. For applications such as this, it may s
counterintuitive. We emphasize that a species is in the active set if equality holds in Eq. (

e., if the species igot present.) In practice, the proper identification of the active set |
the most difficult aspect of the problem; one of the great strengths of SOLGASMIX is |
highly effective capability in this regard.

Mathematically, the solution to problem (1) can be found by locating the critical points

the Lagrangian and maintaining the multipliersandx; nonnegative. Thus, at equilibrium,
the system satisfies the following conditions:

oL I YYD .
—:Mi0+|nai+an k—Zﬂja@J':O, i ¢ S, (3a)
on; 1 3yi =)

I

= ajm—b =0 j=1...1 (3b)
8711 —
oL .
oL . ! 8Inak .
a—m:u?+lnai+2nk Zn]alj_)"l_o I €S (3d)

k=1

2 For a thermodynamic functioX, the corresponding reduced quantityX¢RT. Use of reduced quantities
is particularly convenient for computational purposes, since it renders the problem nondimensional and avo
factor of RTin many expressions.
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The sumsin Egs. (3a) and (3d) involving differentiation ofilrare zero, due to the Gibbs—
Duhem equation.

The identification of the active setis accomplished by using Egs. (3c) and (3d). If, dul
a given iteration, some species inventory is reduced to zero (or less than zero), its i
enters the active set. To evaluate if a member should leave the active set, Eq. (3d) ¢
rearranged to get

3
?»i=l/«i0+|néi—zﬂjaij, ieS. (4)
=1

Since Lagrange multipliers must be positive, a negative valug fiarEq. (4) is an indicator
that species should leave the active set. In a practical sense, this implies that the sys
Gibbs energy could be lowered if the inventory of speciess increased from zero.

With a given active set, the system equilibrium is obtained by solving Egs. (3a) and (
revised as

J
M?+Inéi—2ﬂj&jzo, i ¢S, (5)
j=1
|
> ajnj=b;, j=12..,J (6)
i=1

These equations form the basis for the primary iteration in SOLGASMIX. They are
proximated and simplified according to the following special cases:

1. Gas phaseThis phase is assumed to be ideal so that Eq. (5) becomes

J
0 n;
. +|nP+|nN—g—j§=:lnjaj =0, (5a)
whereP = total system pressure am = total moles in gas phase.
2. Mixture phaseThe chemical potential is represented using the rational system
activity is the product of mole fraction and the rational activity coefficient. For each spec
in the mixture, Eq. (5) then becomes

J
n.
;LiO+InN—:n+In fi—;ma@j =0, (Sb)

whereN, is the total number of moles in the mixture.
3. Stoichiometric condensed solid. this cased; = 1, so Eqg. (5) becomes

J
uio—zﬂ,—a,-j =0. (5C)
j=1

3. NUMERICAL PROCEDURE

The systems (5) (or (5a)—(5c¢)) and (6) are nonlinear, and hence, some type of iter
procedure is called for. The superscriptndk + 1 are used on variables to indicate whict
iteration produced them. When not necessary to distinguish between different iteration:
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superscript is dropped. Thus, given an approximate solutioriX, N¥. 7¥, either from

an initial guessK=0) or previous iteration, a representation for a new solugibr is
found by manipulation of Egs. (5) and (6). To begin, the logarithmic terms in Egs. (5a) a

(5b) are linearized as
n:(+l nikJrl Nk+1 nik n:(Jrl Nk+l
In =In In +1In

Nk K~ NK T UNK T Tk T ONK

k
+ In— +e (@)

where the error terra“** is given by

Ek+l _ n:<+l B NKk+1 1 } n!(+1 LN Nk+1
nK Nk 2\ nk T ONK

Depending on the chemical system and the values at the previous iteration, the €
term may or may not be small. In the code itseffi! is assumed to be zero, and this may
account for the slow convergence. Of courde€]! — 0 as convergence progresses, so th
final result should not be affected by the coarseness of this approximation.

Substituting Eqg. (7) into Eqg. (5a) or (5b) and rearranging yields,

k1 (kNS
Nt = —¢ + +Z7Tj+a+'j ) (8)

k
N T &

wheregk depends only on quantities already known:

k
n! .

<Mi0 +InP + Inm> n, i e gas phase

k _

S K
n _ .

(MP +In £k 4+ InN—'k> nk, i e mixture phase

m

Note that the activity coefficient at the new iteration is approximated, i.e.,
flrl = gk (8a)

In practice, several mixture phases could be present; however, for simplicity, only ¢
will henceforth be considered. Denotilgy and S, as the sets of gas and mixture species
Eq. (8) is summed over each in turn and simplified to get

J
S Aty ke =) af (9a)

j=1 e e
J

D BULTEDI (9b)
j=1 ieSn ieSn

Finally, Eq. (8) is substituted into Eq. (3b); after considerable rearrangement, this yield
- k+1 N NfH pk+1
S+ (e~ 1) Sont (N 1) ot + Yt
n=1 ie§ ieSy ieS

S oaigf - +b, j=1...3 (90)
i€Sy+Sn
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wherer j, = ZieSﬁ-Sﬂni a;jan andSs is the set of solid species with nonzero inventory (i.e
not in the active se§,). Revising Eq. (5¢) yields

S aftay =pl, ies (9d)

If the number of solid species INs, then Egs. (9a) through (9d) comprise+2] + Ns
equations in the unknowns}(*l(j =1,...,J), (Né‘“/Né‘ — 1), (NKFI/NK — 1), and
n}‘*l(i € S). Due to the approximations (7) and (8a), the equations are linear in the
knowns. Thus, under favorable circumstances, the values at theknew)(iteration can
be obtained by simply solving a linear system, after which the species distribution wi
each mixture is obtained from Eq. (8). However, two difficulties can arise which prev
the successful calculation of equilibrium conditions:

1. The setoflinear equations at some iteration becomes singular, in which case no ul
solution exists.
2. The sequence of iterates fails to converge.

4. MATRIX REPRESENTATION

In order to evaluate these two possibilities, it is useful to express the linear systel
iterationk + 1 in matrix form. It is henceforth assumed that species in the active set (
having zero inventories) are no longer under consideration; hence, all species have no
inventory. The stoichiometric coefficients are taken as elements of the stoichiometric m.
A = (g;), which can be divided into submatrices representing the mixtures and solids.

a;; g2 - Ay

a1 axp - ay Ag Ao
= . . . = Am = |:A ]

. . . As S

A2 Q2 - ap

Within the gas phase and the mixture phase, the vector of known inventories (fron
previous iteration) are
_ (nk Ak k\T _ [k K T
Ng=(N{,Nz....NY) s Mm= (MNp1s s N n) -
Similarly, the vector of solid species is
_ (pk kAT
Ns = (NNgsnpes -5 NN -

Also defined are vectors of reduced chemical potentials for the gas and mixture phase

solids:
T k

pg = (11, p2. .. Ny mi =+ +InP+inT k

Ng

k

T I’]
Bon = (INg+Ls - s ANgtNm) > i = ud +1In f; +|nN—
m

Hs = (MNQ+Nm+1?""/~LN)T7 MHi = I"L|O’
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and vectors composed entirely of ones (with respective dimenslgasd Np,):
&g=011....,)", en=(11,....,1".

Analogous to these vectors, we define the diagonal matrices

_n‘{ 01
ns
Ng = diaging) = ' . Np = diaginm),
10 L
and the block diagonal matrices
N Ng 0
Noz[OSN},Nz Nm ,
" 0 Is

wherelg is an identity matrix with dimensioiNs. It is also useful to group vectors into
larger vectors:

Ns Ky
S

where the zero vectors j ande have dimensionsls.
With these definitions, the linear system composed of Egs. (9a) through (9d) can
expressed by the single matrix equation

Rx =d, (10)
where
AJNoAg Alng Aln, Al do
T T
_ NgAg 0 0 0 4o Ng Mg
nFAm 0 0 0 Ny
As 0 0 0 Us
do = b+ AJNo(1o — &),
andx is the vector of unknowns at iteratid+ 1:
k1l _k+l |<1N§|;(Jrl K k+1 le
m
X = 7T1+a772+7‘--s77‘]+,N—g—1, erﬁ —1,nN:+Nm+l,...,nN+ . (103)
The vectob = (by, ..., by)T has components which are the elemental inventories appeari

in Eq. (1b). Once Eqg. (10) has been solved (provided, of course, that it is nonsingular),
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components ok are known. The inventories of mixture species are obtained from Eq. (
which can also be expressed in matrix form,

k k k k k  k+1
g™ = Ng (&g — pg + Agm ) + ng X511, (11a)
it = Niy (e — sy + AR ) + i X513, (11b)
wherer = (1, ..., 73)".

An auxiliary matrixP is formed by concatenating the stoichiometric matrisgandA,
with the unity vectorgy ande, and an identity matrixs of dimensionNs:

A; 0 g 0 O
P=]10 A, 0 & O0]. (11c)
0O 0 O 0 &k

This allows the entire iteration to be written in matrix form by combining Eqgs. (10) throu
(12):

Nkl = NK(e — pk + PXTY) = NK(e — ¥ + P(R¥)1d¥). (12)

The right-hand side of Eq. (12) depends only on problem inputs (stoichiometric coefficie
and chemical potentials) and on the unknowns at the previous iteration. Thus Eq.
defines a fixed-point iteration of the form

nkt = g(n), (12a)

whereg is a vector functioy= (g1, g2, . .., gn) . It is also helpful to define an additional
matrix Q = PR™%, which simplifies the representation somewhat:

nk+1 — Nk(e_ /-l'k + dek).

In practice,Q can be calculated by solving the linear syst®® =P using Gaussian
elimination.

5. PRACTICAL EXAMPLE—AQUEOUS NaCl SOLUTION

When a strong electrolyte is dissolved in water, equilibrium is reached quickly, provic
moderate mixing occurs. Often, the gas phase is not significant and will be neglecte
this analysis for simplicity. There is thus a two-phase system involving water, aqueous
Na', CI~, and crystalline solid NaCl. It should be noted that the aqueous solution dep
strongly from ideality and may affect the numerical convergence.

For the present, the system is defined as having the three elemgtslat, and Cr,
whose total amounts;, by, andbs remain fixed. Obviously, kD is not a chemical element,
but for the present it is defined as one for computational purposes. This selection wi
discussed at greater length in the next section. In addition, there are four chemical spe
H,O(¢), Nat(aq), CI~ (aq), and NaC{s), whose respective inventoriag, ny, nz, andny
may vary as equilibrium conditions are calculated. The chemical potentials,, 13, and
14 can be calculated from input free energies, the inventeorieand activity coefficients
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fi (which are presumed available). These variables are grouped in vb@adn, which
are related by the stoichiometric coefficients through Eq. (1b). Using the matrix notatior
the previous section, this yields

1 00
Ag =omitted An= {0 1 0|, As=[01 1]
00 1
100 ng O 0 nt O
A 010 0 nn 0 n 1
A= m , R=1{0 0 ng ng 1
A<l 0 0 1
01 1 ng Nz N3 0 0
0 1 1 0 O

bi +ni(u1—1)

b2 + na2(uz2 — 1) é (1) 8 i
d= bs + n3(us — 1) , P= 00 1 1|
N1 + N2z + N33 011 1
Ha

This example is simple enough that the elements of the fixed-point vector can be obta
from straightforward (but laborious!) algebra,

9. = b, (13a)
2n,N3by + NoNanT (s — o — 13)
- : 13b
#= ni(nN2 + N3) (13b)
NnaN3 by, bs
=28 | oy byt b b bs ~ 12
04 N1(Ns + N3) (by + by + 3)+nT<n2+n3>+nT(/L2+M3 wna) |, (13c)

wherent = n; +ny+nz. Use of the charge balanas (= n3 andb, = b3) has simplified the
above expressions considerably. Thus with these representations, the fixed-point iter:
(12a) is identical to the SOLGASMIX iteration (9).

6. FAILURE DUE TO MATRIX SINGULARITY

The entire iterative procedure is based on the assumption that the Ratrig. (10) is
nonsingular. This may not be the case in many practical applications. However, this diffict
is most commonly encountered through poor problem definition, a situation which can ea
be corrected.

Consider the aqueous salt solution from the previous section. If the system is redefi
with the chemical elements H, O, Na, and ClI, then the stoichiometric and computatio
matrices become

4n, 2n; O 0 2ny O

21 00 2n, g 0 0O n O

A— 0010 R — 0 0 n, O n, 1
0 0 0 1|’ 0 0 0 ng nz3 1 ’

0 011 2n; ng n, ng 0 O

0 0 1 1 0 o0
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The first and second rows & are now linearly dependent; hend®,s singular and no
solution exists. In practice, SOLGASMIX may actually compute a solution under the
circumstances, since numerical round-off error could alter the entries sufficiently so
rows no longer appear dependent. Of course, the results of such computations shou
be trusted.

The situation can be avoided by ensuring that the number of eletmegnts, b; are the
minimum possible to adequately represent the problem. In mathematical terms, this im
rank (A) = J. Thus the choice of computational “elements” may involve compounds
other groupings in addition to single chemical elements.

Even with a judicious choice of computational elements, it is still possibleRhaay
be singular because of chance assignments of the species inveniofikis circumstance
is extremely rare unless there is an assignment of zero to spnire the example of the
previous section, either; = 0 orn, = ng = 0 will produce a singulaR. In the former case,
this could only happen ifi; = by = 0 was specified initially and is properly described as a
input error (in practical terms, an aqueous solution with no water). The latter case
arise if the initial input specified water and solid NaCl. Some versions of SOLGASMIX he
safeguarded against both of these possibilities by internally specifying a minimum in
value for all mixture species, say > 1078, regardless of user input, and by eliminating
from the calculation rows and columns associated with zero inventories of elements.

7. FAILURE DUE TO NONCONVERGENCE

The basic solution procedure in Eq. (12) represents a fixed-point iteration. There
wide body of mathematical knowledge concerning the behavior of such systems that |
to both convergence and nonconvergence. While a detailed look at dynamical syste
beyond the scope of this work, it is helpful to use certain results in order to characterize
convergence patterns of Eq. (12) in practical situations.

7.1. Salt Solution Example

To perform meaningful calculations for the example introduced in Section 5, param
values are specified for the NaCl system as shown in Table I. Activity coefficients

TABLE |
Input Parameters at 25°C for Salt Solution Examples

Species Parameter Nominal value Reference
H,O u® —95.667 8
Na* u® —105.695 8
Cl- u® —52.928 8
NaCl u® —154.998 9
Na-ClI B 0.0765 7
Na-Cl B 0.2664 7
Na-Cl (63 0.00127 7
K+ u® —113.965 8
KCI u® —164.813 8
K-CI B 0.04835 7
K-CI By 0.2122 7
K-Cl cv —0.00084 7
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calculated using the ion-interaction approach of Pitzer [7], and Gibbs energies of forma
are taken primarily from Ref. [8]. With this approach, the rational activity systemis replac
by the practical system, in which the reduced chemical potential is

ui = +Inmiy,

wherem; is molality and the practical activity coefficients are functions of the empirical
parameterg@, gV and @ (See Ref. [7] for details).

If initial species values are such that the total salt concentration is below the solubi
limit of approximately 6.1 m, then the code calculation returns this result. Thatis, all sodit
and chloride are predicted to be in solution. However, if the solubility limit is exceede
then, depending on the initial species distribution, the code returns soluble species ve
of 7.11 or 4.53, or terminates with an error.

If instead a solution of KCl is modeled, then certain input parameters are changed |
Table 1), but the computational matricBsandR remain the same. In this case, the code
successfully calculates the solubility of KCI regardless of initial species amounts. That
for total amounts less than 4.8 m, all salt is in solution. As additional salt is added, &
excess over 4.8 m is predicted as condensed solid.

Itthus appears that variations in input variables alone can cause radical changes in the
vergence properties of the code. Because the legitimate (from a chemical-thermodyne
perspective) parameter values for NaCl can yield totally spurious results, it is essential
this problem be addressed.

Returning to the NaCl example, itis interesting to examine the convergence pattern ac
reduced chemical potential of NaCl is varied from its nominal valye,ct Mg = —15500.

(In order to perform this analysis, the internal code limit on the number of iteratiol
was overridden.) For choice @f; < —15540, SOLGASMIX successfully calculates an
equilibrium distribution between solid and aqueous phases. The number of iterati
(for convergence to six significant figures) is only a few dozen for values far from tf
point, but rises ag4 approaches-155.40, as shown in Fig. 1. As, continues to in-
crease, the number of iterations declines, but the solution does not converge to a si
value. Instead, it converges to an oscillation between two different values, Aentin-
ues to increase, these two values separate further from each other, apdnaseases
beyond—154.61, the solution converges to an oscillatory pattern of four different value
This behavior is illustrated in Fig. 2 where additional doubling steps are shown as w
The points at which the solution doubling occurs are known as bifurcation points and
oscillatory pattern is known as a limit cycle. Figure 2 is an illustration of a well-know
phenomenon in the study of dynamical systems—the period-doubling route to chaos. S
behavior is commonly encountered with fixed-point iterations, and numerical results s
gest the same thing here: @i = —154304, convergence to a limit cycle of 64 occurs in
238 iterations; however, foi, = —154303 no convergence was evident in 10,000 iter-
ations. Asuy is increased further, the chaotic pattern is disturbed at other points, whe
convergence to limit cycles of 12, 32, and 40 are observed; doubtless others also €
Regardless of the intriguing nature of these phenomena, our situation is concerned n
much with chaotic dynamics as with the extraction of meaningful equilibrium informatic
despite it.
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FIG. 1. Iterations for convergence to six significant figures.

7.2. Fixed-Point Convergence

Returning to the general case (12a), the Jacobian of the fixed-point vector is the m
of partial derivatives:

g

F=(fij, f= o
i

(14)

10 T T T T

NaCl IN SOLUTION(m)

2 | L | | L
-157.0 -156.5 -156.0 -155.5 -155.0 -154.5

w (NaCl)

FIG. 2. Salt equilibrium determined by SOLGASMIX.
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It can be shown [10] that a sufficient condition to ensure convergence to a single point (
limit cycle of 1) is that all eigenvalues of F satisfy

il < 1. (15)

This condition is especially stringent, and convergence can occur (and often does) wher
violated. As will be shown later, the salt solution example does not satisfy (15) consisten
even where it does converge to a unique value. But inequality (15) is important sinc
helps to identify those quantities which influence limiting behavior.

The general case (12) is far too complicated to attempt analytical results. Thus we a
turn to simpler situations, which will hopefully illustrate deficiencies and suggest possil
remedies. Applying Egs. (14) and (15) to the salt solution example is straightforward |
tedious. The analysis is expedited by use of the symbolic processing tool MACSYMA [1
Differentiation of Eqg. (12a) with respect to,i =1, 2, 3, 4, yields the matrix, whose
eigenvalues are zero (with multiplicity 3) and

Ny 1
A=1+ (2— + —)(m—uz—us)- (16)
Ny 2
In order to ensure convergence to a single solution, it is necessary to maintain

a4 — o — 3 < 0. 17

The quantity on the left-hand side of Eq. (1&)yt = u4 — u2 — p3 is actually the difference
in reduced chemical potentials of the solid salf)and the ions in solutiory{; + u3); it
should be zero at equilibrium.

A number of other aqueous systems have also been examined, with results show
Table Il. These involve additional complications not present in the NaCl example, but
still amenable to evaluation using MACSYMA. Each case includes one or two equilibriu
relationships of the form

aA + bB < cC. (18)
TABLE I
Summary of Sample Problems
Aqueous species Solid species Nonzero eigenvalues Comments

H,0, Na", CI- NaCl r=1+AAn Ap = (NaCl — pu(Nat) — p(ClH)
H,0, C&", CI CaCh A=1+AAu Ap = pu(CaCh) — u(Cat) — 2u(Cl™)
H,O, Naf, CI-, NO; NaCl r=1+ AAp Ap = p(NaCl) — u(Nat) — u(CIm)
H20, H*, NO;, HNO;3 (aq) — A=14+AAp Ap = (HNOg) — u(H*) — w(NO3)
H,0, H+, C&+, OH- Ca(OH) Ap =14 w Apr = u(Ca(OH)) — p(Ca+) — 21 (OH™)

Apz = u(H20) — p(HY) — w(OH™)

H,0, H*, Na*, ClI-, OH~ NaCl =1+ w Apa = n(NaCl — (Nat)y — u(Cl7)

Apz = pu(H20) — p(HY) — u(OH™)

H,O, Nat, K+, CI- NaCl, hp = 14 AMATBAREVC ) (NaC) — u(Na®) — p(CI)
KCl Apz = p(KCl) — pw(K*) — w(CI7)

a Eigenvalues of Jacobian Matrix, Eq. (14). In each example, there were zero eigenvalues of multiplicity 3 or 4. The coeffici
A, B, C, D depend on species inventories (cf. Eq. (16)) and are usually (but not always) positive. The discri@alantdepend
onAui andAu,, andC =0whenAp; = Auz =0. If C is negative, the double roots are complex conjugates. The denominatot
D are always nonzero, unless all species inventories are zero.
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In every case, the inequality in Eq. (15) holds if relationships analogous to Eq. (17)
maintained. Note, however, that in some cases the inequality in (17) should be revers

Examination of the convergence patterns in the actual code calculations for the N
example indicates that inequality (17) is rarely maintained but usually oscillates about
If desired convergence does occur, then the favorable instancesAwith O evidently
outweigh unfavorable circumstances wham > 0. (That is, the favorable steps caust
faster convergence than the unfavorable ones do divergence.) It is shown in the Appe
that if convergence to a single equilibrium point does not occur, themlways oscillates
about zero.

7.3. A Simple Remedy

Thus far, two different attributes of equilibria have been discussed. The first is the n
imization of Gibbs energy, upon which the fixed-point iteration (12) is based. Howe\
because this iteration does not always find the equilibrium, we now focus on the set
attribute—the equality of chemical potentials in different phases.

As mentioned above, the difference functitp oscillates between positive and negativ
values in the NaCl example. This usually happens when convergence to a single po
occurring, and always happens when it is not. Given two successive iterations with va
Aut >0 andAp~ <0, the true equilibriumAp* =0 lies between them. If we denote
the corresponding species inventoriesndsandn;, it is reasonable to assume that the
equilibrium values? should lie between;” andn;”. A good estimate can be obtained by
linear interpolation:

~ o Ap~ ooy
:ni —m(nl —ni ), |=1,2,...,|. (19)

Actual code statements implementing this idea have been inserted into SOLGASMIX."
is, wheneven u changes sign, the most recent values of each species inventory are repl
by ni calculated from Eq. (19).

When the revised code was applied to the NaCl example, convergence to a single eq
rium pointoccurred rapidly regardless of the valuggfEven in the region where legitimate
convergence did occur previously{ < —1554), the revised coding took only 5-10 itera-
tions to converge (cf. Fig. 1). In the region where convergence to limit cycles4oB2. ..
occurred, or where chaotic behavior ensued, the revised coding yielded rapid converg
to a single equilibrium value. This is shown in Fig. 2 by the dashed line proceeding from
first fork (bifurcation). Atus = —15500 (the original value from Ref. [9]), the calculatec
species in solution amgy,- = Nci- = 6.1, in good agreement with experimental values fc
NaCl solubility.

The revision (19) was proven to work for the NaCl example (see Appendix), and i
reasonable (but not rigorously proven) to apply it to all systems. Even for those that w«
otherwise converge, convergence will probably occur more rapidly.

In many applications, more than one relation of the form (18) exists (i.e., there are se\
difference functionsA ik (see Table 11)). Numerical experiments indicate that all of thel
tend to oscillate in the SOLGASMIX iteration scheme. Thus it should suffice to ap
Eqg. (19) to one or more of them. In fact, this has proven to be the case in examples w
2, 3, 4, or more difference functions were present.
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8. SUMMARY AND CONCLUSION

The code SOLGASMIX has been useful in many applications where the calculation
chemical equilibrium is necessary. Its strength is its ability to adequately determine w
chemical species should actually be present. However, the refinement of quantitative sp
inventories is based on first-order (at best) approximations and usually converges slo
In certain cases, the convergence yields spurious values or does not occur, due to beh
commonly found in fixed-point iterations.

Theoretical evaluation of the iteration scheme indicates that differences in chem
potential of different phases are importantin convergence. Aninterpolation scheme base
this analysis vastly improves the convergence properties. In situations where convergen
equilibrium conditions did not occur due to numerical artifacts in the standard SOLGASM
procedure, the revised procedure converges quickly and accurately. Where converg
was previously occurring, the revised procedure produces much more rapid converge
usually reducing the number of iterations by an order of magnitude or more. Application:
aqueous electrolyte examples demonstrate the usefulness of the modifications. In pra
the modified code has also been applied to problems involving as many as 18 elements
dozens of reactions, with excellent results.

APPENDIX A

Consider a single step of the fixed-point iteration for the salt solution example, given
Egs. (13). Note that; (water) stays constant and the solid inventofy\does not enter the
calculations (i.egis a function only oh, n,, andns). Also, the cation and anion inventories
are equaln, =n3z=n, and notation is simplified by following only this quantity without
subscripts. After rearrangement, Eq. (13b) can be expressed as

k+1 T L K
N =n"4+nl =+ — |AuS, (A1)
2 b

where

Apk = g — (15 + 15) = 1

— (U3 + N85+ 15 +Inds) = A’ — 2Indx,
andak = ,/akak. Now, at equilibriuma =4*, n=n*, andAu =0, so thatA u® =2 In&*.
Thus, Eq. (A.1) can be rewritten as

2nk\ . ar
k+1 k k
n“*=n n“{1+— |In=. A.2
+ (+ bl) A (A.2)

Itis a virtual certainty that chemical activity is an increasing function of the mole amoui
Otherwise, addition of a small amount of substance would lower its chemical influence. T
is true even when activity coefficients themselves are decreasing. In the present exan
this situation arises in the DebyeutKel region of dilute salt solution,

A=my =ny/M;, Iny =-051/m,

whereM; = mass of water (kg). Now,&/dn=(y/M1)(1 + %In y), which is positive for
smallm (i.e., smalln). Hence A is increasing even whereis most strongly decreasing.
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Now, if nk <n* thena < &*, and Eq. (A.2) implies that*t? — n* > nk — n*. This
implies either thatn*+** — n*| < |nk — n*| or thatn**! > n* (in fact, both may be true).
Similarly, if nK> n*, then eithefnkt! — n*| < |nk — n*| or N*** < n*. In either case, if
[Nkt — n*| < |nk — n*|, then the step is a convergent one. Thus, if the iteration does
move toward convergence, it must oscillate about the equilibrium point. From Eq. (A.]
is clear that any oscillation af“t? aboutn* must be caused by oscillation afi* about
zero. These observations are summarized by the statement:

For any sequence of iterate$n¥} which does not converge to the single equilibrium
point n*, then both {nk — n*} and { A X} must be alternating sequences.

APPENDIX B: NOMENCLATURE

a Chemical activity

A=(a;) Stoichiometric matrix (Eq. (1b))

Ag, Am, As Partial stoich. matrices for gas, mixture, solid phases
b Elemental inventory

d Auxiliary vector (Eqg. (10))

e Unity vector

f Rational activity coefficient
F=(fij) Jacobian (Eqg. (14))

g Fixed point vector (Eq. (12a))
G Reduced chemical potential

i,k Indices: species, elements, time step
[ Number of species, elements
n Mole inventory
Ng, Nm Total moles in gas, mixture phases
P Pressure
P Auxiliary matrix (Eqg. (11c))
R=(rjn)  Solution matrix (Egs. (9c), (10))
S Active set (Eq. (2))
S, Sv. S Index sets for gas, mixture, solid species
X Unknown vector (Eg. (10a))
€ Truncation error
Ai Eigenvalues of Jacobian (Section 7)
A, TTj Lagrange multipliers (Section 2)
n Reduced chemical potential
u® Reduced standard chemical potential
Ap Chemical potential difference (Table II)
s Coefficient (Eq. (8))
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